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analysisAbstract In the present article, we illustrate the onset of electro-thermo convection of a binary
fluid in a horizontal porous layer subject to fixed temperatures and chemical equilibrium on the
bounding surfaces. The state of convection is considered, when the solubility of dissolved compo-
nents depends on temperature. We use linear stability analysis to investigate how the vertical electric
field and dissolution or precipitation of the component affects the onset of convection. Darcy-
Brinkman’s law and Boussinesq approximation are employed with the equation of state taken to
be linear with respect to temperature and concentration. We present a comparative study for four
different bonding surfaces in linear case and weakly non-linear study in free-free (F/F) case for dif-
ferent controlling parameters. From the linear stability analysis, we find that the larger value of AC
electric Rayleigh number ðReaÞ and Damko¨ler number enhance ðvÞ the onset of convection whereas
the larger value of inverse Darcy number delay ðDa1Þ the onset of convection. The stability criteria
for different bounding surfaces are given as F=R > R=R > R=F > F=F (where F represents free and
R stands for rigid bounding surfaces). The effect of parameters is qualitatively same for all surfaces
but differs quantitatively. We are getting same kind of results for limiting cases such as pure electro
convection, pure double diffusive electro-convection and pure thermal double diffusive convection.
From weakly non-linear stability analysis, we show heat and mass transfer effect for unsteady and
steady cases for same parameters. With increasing value of Rea and v, enhance the unsteady and
steady convection whereas reverse is obtained with increasing Da1. We also draw streamlines, iso-
therms and isohalines in unsteady case for different times ð0:001; 0:03; 0:06; 0:1Þ as well as in steady
case for different Rayleigh number (at critical Rayleigh number and more than critical). These plots
represent state of conduction and convection.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Onset of convection due to combined effect of a vertical
electric field and a thermal gradient concurrently applied to
Nomenclature
Latin symbols
a wave number
A1 amplitude of streamline perturbation
d height of the fluid layer
Da Darcy number, jTz
d2
E
!
electric field
fe
!
electric origin
g! acceleration due to gravity
H rate of heat transport per unit area
J rate of mass transport per unit area
k lumped effective reaction
Kx;Ky;Kz characteristic permeability tensor in the x, y and
z directions, K1 ¼ K1x iiþ K1y jjþ K1z kk
Le Lewis number, jTjS
Nu Nusselt number
P pressure
Pr Prandtl number, /mjT
q! velocity, ðu; v;wÞ
RT Darcy-Rayleigh number,
bTgDTd
3
/mjT
RS solute Darcy-Rayleigh number,
bSgDTd
3
/mjT
Rea AC electric Rayleigh numbers,
E20c
20d
2 DTð Þ2
/q0jTm
S solute concentration
DS solute difference across the porous layer
Sh Sherwood number
T temperature
DT temperature difference across the porous layer
t time
V electric potential
x; y; z space co-ordinates
Greek symbols
bS coefficient of solute expansion
bT coefficient of thermal expansion
g DSDT
v Damko¨hler number, jd
2
/jT
K ratio of viscosities, (~ll)
k normalized porosity parameter,
/ðqcÞf
ðqcÞm
jT thermal diffusivity tensor, jTxiiþ jTyjjþ jTzkk
c thermal expansion coefficient of dielectric constant
 dielectric constant
jS solute diffusivity
l dynamic viscosity
/ porosity
m kinematic viscosity, lq0
 
~m effective viscosity, ~lq0
 
r growth rate
q fluid density
q0 reference fluid density
qe charge density
x frequency
w stream function
ðqcÞf volumetric heat capacity, ðqcÞm ¼ ð1 ÞðqcÞsþ
ðqcÞf, where
f; s;m properties of fluid, solid and porous matrix respec-
tively
Other symbols
r21 @
2
@x2
þ @2
@y2
Subscripts
b basic state
l lower
u upper
0 reference
Superscripts
= perturbed quantity
 dimensionless quantity
c critical
f finite amplitude
st stationary
3154 A.K. Srivastavahorizontal dielectric fluid layer guides complex physical inter-
actions in the flow and has received much attention in recent
years [1–4]. The research in this field considered reasonable
interest due to the application of combined effects (such as
potential technology [5–9]) that generates electro-thermo-
convective instabilities in fluids that could be a promising
way to increase the heat transfer by means of electrical forces.
This kind of instability problem is called electro-thermo-
convection (ETC).
Assuming the variation in dielectric constant as a linear
function of temperature, initially a study has been performed
on electro-hydrodynamic convection by Roberts [10]. An
excellent review on the natural convection problem under
alternating current (AC) or direct current (DC) electric field
has been given by Jones [11] and Saville [12]. Problem related
to ETC in a layer of porous medium under the influence of
electric field attracted interest because of its application in dry-
ing process [13,14]. Moreno et al. [15] have investigated
transport-related effects of imposing AC currents over two-
phase flows, oil and water, in porous rocks. Some interestingand important literatures indicating the work related ETC in
porous layers are [16–19].
An obvious question arises that what will happen if we con-
sider binary electric fluid in place of electric fluid? It is matter
of investigation that whether chemical reaction will take place
or not?
As a consequence of above questions it is important to intro-
duce the applications and literature survey for convection in
binary fluid and reaction convection. Natural convection due
to simultaneous diffusion of thermal as well as solutal in porous
medium appears in many geothermal as well as industrial appli-
cations. In some geothermal situations [20], the amount of
solute dissolved in fluid changes with changing temperature,
pressure and the local rock chemistry. The solute may be in dis-
solved form or precipitated onto the porous matrix. Thermal
convection extensively affects the exchange of dissolved species
with the porous medium. It may be affected with the change in
amount of minerals dissolved in fluid.
Double diffusive convection in porous layer was initialized
by Nield [21] using linear stability analysis considering the lim-
Stability analysis of electro-thermo convection of binary fluid 3155iting case in which transport is iso-advective. The growing vol-
ume of work in this area is amply documented in the review
work of [22].
Steinberg and Brand [23,24] introduced the chemical reac-
tive convection in a porous medium. They considered the
regime where the reaction rate was so fast that solutal diffu-
sion could be neglected. Gatica et al. [25] and Viljoen [26]
carried out the work for more complicated exothermic reac-
tion term, and predicated results for the stability boundaries
of the system. Onset of thermo-solutal convection of a binary
fluid in a horizontal porous layer subject to fixed tempera-
tures and chemical equilibrium on the bounding surfaces is
investigated by [27]. According to their study, reactive term
may be stabilizing or destabilizing in this case. On the basis
of Brinkman model, the onset of double-diffusive (thermo-
solutal) convection with a reaction term in a horizontal spar-
sely packed porous media has been investigated by [28]. They
reported that the Darcy number destabilizes the system in
case of both stationary and oscillatory modes, whereas the
effects of Lewis number and reaction term depend on the
values of solutal Rayleigh number. Malashetty and Biradar
[29] investigated analytically onset of double diffusive
reaction-convection in horizontal anisotropic porous layers.
They showed that the chemical reaction may be stabilizing
or destabilizing and that the anisotropic parameters have sig-
nificant influence on the stability criterion. Recently in the
paper of [30], they investigated the onset of convection in a
saturated porous medium where uniform suction into a hor-
izontal and uniformly hot bounding surface induces a
stationary thermal boundary layer. They paid attention to
the effect of local thermal non-equilibrium effects on well-
known linear stability characteristics of this boundary layer.
In the present article, an attempt has been made to find out
the answers of above-mentioned questions by investigating
the flow dynamics of double diffusive convection reaction
in binary fluid saturated porous medium under the influence
of vertical AC electric field. The present paper is organized
as follows. In Section 2, we define a mathematical model
to be studied. Sections 3 and 4, are devoted to a brief presen-
tation of comparative study in linear stability case and heat
and mass transfer phenomena in weak non-linear case
respectively. We quantify the real impact of ETC on heat
transfer in Section 5. In Section 6, we present our
conclusions.Figure 1 Schematic of th2. Mathematical formulation
We consider a dielectric binary-fluid saturated sparsely packed
horizontal porous layer of depth d, which is heated and salted
from below, with a uniform vertical AC electric field applied
across the porous layer as shown in Fig. 1. The lower surface
is grounded and the upper surface is kept at constant potential
V. We take Cartesian co-ordinates system ðx; y; zÞ, considering
the origin at the bottom of the porous medium, coordinate x in
horizontal direction and coordinate z in the vertical direction.
A constant temperature gradient DT and salinity gradient DS
are maintained across the porous layer. We assume isotropic
and homogeneous porous medium with local thermal equilib-
rium between the fluid and the porous medium such that there
is no heat transfer between both phases. We are also assuming
that chemical equilibrium is maintained at the impermeable
boundaries. Then, the governing equations for the system
under the Boussinesq approximation are
r  q!¼ 0; ð1Þ
1
/
@ q!
@t
þ m
K
q!¼  1
q0
rPþ q
q0
g!þ ~mr2 q!þ 1
q0
fe
!
: ð2Þ
Following Phillips [31], the transport of heat and solute is
described by the advection-diffusion equations
qcð Þm
@T
@t
þ qcð Þfð q! rÞT ¼ qcð Þmr  ðjT  rTÞ; ð3Þ
/
@S
@t
þ ð q! rÞS ¼ /jsr2Sþ kðSeqðTÞ  SÞ: ð4Þ
The relation among the reference density, temperature and
salinity is given by
q ¼ q0 1 bTðT T0Þ þ bSðS S0Þ½ : ð5Þ
We have defined the usual meaning of constants and vari-
ables of the above equations in the nomenclature.
Following Pritchard and Richardson [27], we have consid-
ered the equilibrium solute concentration is a linear function
of temperature i.e. SeqðTÞ ¼ S0 þ gðT T0Þ, where
g ¼ SlSu
TlTu ¼ DSDT. The value of g may be positive i.e. g > 0 (i.e.
the solubility increases with temperature) or negative i.e.
g < 0 (i.e. the solubility decreases with temperature). In the
present manuscript, we have assumed the case, when g > 0.e problem considered.
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!
represents the electrical origin and preferred
expression for it following Stratton [32] and Landau and Lif-
shitz [33] is
fe
!¼ qe E
! 1
2
E
! E!rþ 1
2
r q @
@q
E
! E!
 
; ð6Þ
where E
!
is the electric field, qe the free charge density and is
the dielectric constant. Last electrostriction term in Eq. (6) can
be grouped with pressure term of Eq. (2). Coulomb force due
to a free charge is represented by the first term of right hand
side of Eq. (6). Second term depends on . We consider the
same phenomena as by Shivkumara et al. [19].
Assuming the free charge density is negligibly small, the rel-
evant Maxwell equations are [10]
r  ðE!Þ ¼ 0; ð7Þ
r  E!¼ 0: ð8Þ
In view of Eq. (8), E
!
can be expressed as
E
!¼ rV; ð9Þ
where V is the electric potential. The dielectric constant is
assumed to be a linear function of temperature only and of
the form
 ¼ 0½1 cðT T0Þ; ð10Þ
where cð> 0Þ is the thermal expansion coefficient of dielectric
constant and is assumed to be small.
The basic state of the fluid is assumed to be quiescent, and
is given by
TbðzÞ ¼ Tl  DT z
d
; SbðzÞ ¼ Sl  DS z
d
; ð11Þ
b ¼ 0 1 c Tb  T0ð Þ½ ; ð12Þ
r  b E!b
 
¼ 0; ð13Þ
where b denotes the basic state. In the view of Eq. (12) and not-
ing that Ebx ¼ Eby ¼ 0, it follows that
bEbz ¼ 0E0 ¼ constantðsayÞ: ð14Þ
Then we have
Ebz ¼ E0
1þ cDTz
d
; ð15Þ
and
VbðzÞ ¼  E0dcDT logð1þ cDTz=dÞ; ð16Þ
where
E0 ¼  V1cDT=d
log½1þ cDT ; ð17Þ
is the value of the electric field at z= 0.
In the case SeqðTbÞ ¼ Sb, we mentioned that Seq is linear in
T, and this allows the existence of steady basic state in which
the solute is everywhere in chemical equilibrium with the solid
matrix and therefore the vertical flux of solute is constant in
space.On the basic state, we superpose small perturbations in the
form
q ¼ qbðzÞ þ q0ðx; y; z; tÞ; T ¼ TbðzÞ þ T0ðx; y; z; tÞ;
S ¼ SbðzÞ þ S0ðx; y; z; tÞ;
P ¼ PbðzÞ þ P0ðx; y; z; tÞ; q ¼ qbðzÞ þ q0ðx; y; z; tÞ;
E
!¼ E!bðzÞ þ E!ðx; y; z; tÞ;
!¼ !bðzÞ þ !ðx; y; z; tÞ;
ð18Þ
and eliminating pressure term from momentum equation (tak-
ing curl twice), and non-dimensionalizing the equations with
the following transformations
ðx; y; zÞ0 ¼ dðx; y; zÞ; t ¼ d
2
jT
t;
ðu; v;wÞ0 ¼ /jT
d
ðu; v;wÞ; T0 ¼ MTT;
S0 ¼ MSS; V0 ¼ cE0dTdV; ð19Þ
we obtained the non-dimensional governing equations (after
dropping the asterisks) as
1
Pr
@
@t
þDa1  Kr2
 
r2wRTr2HTþRSr2HS
Rear2H T
@V
@z
 
þRea @
@x
@ T; @V
@z
 	
@ x; zð Þ
 
¼ 0; ð20Þ
@
@t
r2
 
Tþ k q  rð ÞT kw ¼ 0; ð21Þ
@S
@t
þ q  rð ÞS w 1
Le
r2S vðT SÞ ¼ 0; ð22Þ
r2V @T
@z
¼ 0; ð23Þ
where the non-dimensional parameters, RT ¼ bTgDTd
3
/mjT
,
RS ¼ bSgDTd
3
/mjT
and Rea ¼ E
2
0
c20d
2 DTð Þ2
/q0jTm
are the thermal, solutal and
AC electric Rayleigh numbers respectively, K ¼ ~ll is ratio of
viscosities, Da ¼ K
d2
is a Darcy number, Pr ¼ /mjT is Prandtl num-
ber, k ¼ /ðqcÞfðqcÞm is the normalized porosity parameter, Le ¼
jT
jS
is
Lewis parameter, v ¼ jd2/jT is the Damko¨hler number.
The boundaries of porous medium can be considered as
either free or rigid. A note has been made regarding bound-
aries of horizontal infinite plates. For rigid boundary surfaces
on which no slip occurs which implies
w ¼ @w
@z
¼ T ¼ S ¼ 0; ð24Þ
and for free boundary surfaces on which no tangential stresses,
which implies
w ¼ @
2w
@z2
¼ T ¼ S ¼ 0: ð25Þ3. Linear stability analysis
In this section, carrying out the linear stability analysis, we use
normal mode technique in which, normal mode solution is of
the form
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where l and m are horizontal wave number and i2 ¼ 1, and
r ¼ rr þ iri is the growth rate which is a complex quantity.
Substituting Eq. (26) into the linearized form of Eqs. (20)–
(23), we obtain
r
Pr
þDa1  K D2  a2 	h i D2  a2 	WþRTa2HRSa2U
þReaa2 HDfð Þ ¼ 0; ð27Þ
r D2  a2 	
 H kr ¼ 0; ð28Þ
r 1
Le
D2  a2 	þ v
 
U vHW ¼ 0; ð29Þ
D2  a2 	fDH ¼ 0; ð30Þ
where D ¼ d=dz and a2 ¼ l2 þm2, where a is the wave number.
Now the boundary conditions are
W ¼ DW ¼ H ¼ U ¼ 0; on the rigid boundary ð31Þ
and
W ¼ D2W ¼ H ¼ U ¼ 0; on the free boundary: ð32Þ
Eqs. (27)–(30), along with chosen boundary conditions,
become an eigenvalue problem for RT and a. We will also dis-
cuss the effect of parameters when there is pure double diffu-
sive regime (without chemical reaction) and when there is
only electro convection (thermal convection absent) with the
help of graphs.
3.1. A comparative study
Above eigenvalue problems are solved for different boundary
conditions. Comparison of the results for all boundary condi-
tions in stationary case (i.e. r ¼ 0) is made. For boundary con-
ditions R/R, R/F and F/R, the above set of equations are
solved numerically [3] whereas with boundary condition F/F
exact solutions are obtained.
3.1.1. Numerical solution
In this case, the eigenvalue problems for rigid boundary
condition
W ¼ DW ¼ H ¼ U ¼ 0 at z ¼ 0; 1; ð33Þ
and for free boundary condition
W ¼ D2W ¼ H ¼ U ¼ 0 at z ¼ 1; ð34Þ
are solved.
Putting r ¼ 0 in (27)–(30), the resulting eigenvalue problem
is solved by Galerkin technique, for above two types of bound-
ary conditions. In this technique, the test (weighted) functions
are same as the base (trial) functions. Initially, the variables are
written as linear combination of basis functions as
W ¼
Xn
i¼1
AiWi; H ¼
Xn
i¼1
BiHi; U ¼
Xn
i¼1
CiUi; ð35Þ
where Ai;Bi and Ci are constants and the basis functions
Wi;Hi and Ui will be represented by power series (will describein Eqs. (38)–(40)), which satisfied the corresponding boundary
conditions. Substituting (35) into (27)–(30), multiplying the
resulting momentum equation by WjðzÞ, energy equation by
HjðzÞ and solutal equation by UjðzÞ, performing the integration
by parts with respect to z between z ¼ 0 and z ¼ 1 and using
the boundary conditions, lead to the following system of linear
homogeneous algebraic equations:
EjiAi þ FjiBi þ GjiCi þHjiDi ¼ 0;
IjiAi þ JjiBi ¼ 0;
KjiAi þ LjiBi þMjiCi ¼ 0;
NjiBi þOjiDi ¼ 0; ð36Þ
where
Eji ¼ K D2WjD2Wi
  þ 2a2 DWjDWi  þ a4 WjWi  
þDa1 DWjDWi;
  þ a2 WjWi  ,
Fji ¼  a2RT WjHi
 þ a2Rea WjHi 
 ,
Gji ¼ a2RS WjUi
 
;Hji ¼ a2Rea WjDfi
 
, Iji ¼ k HjWi
 
,
Jji ¼ DHjDHi
 þ a2 HjHi , Kji ¼  UjWi , Lji ¼ v UjHi ,
Mji ¼ 1Le DUjDUi
 þ a2
Le
þ v
 
UjUi
 
,
Nji ¼ fjDHi
 
;Oji ¼ DfjDfi
 þ a2 fjfi .
Here the inner product . . .h i is defined by . . .h i ¼ R 1
0
. . .ð Þdz.
The above set of homogeneous algebraic equations can
have a non-trivial solution if and only if
Eji Fji Gji Hji
Iji Jji 0 0
Kji Lji Mji 0
0 Nji 0 Oji


¼ 0: ð37Þ
For both boundaries that are rigid, trial functions are
Wi ¼ ziþ1  2ziþ2 þ ziþ3;
Hi ¼ zi  ziþ1 ¼ Ui ¼ fi: ð38Þ
And, the trial functions chosen in the case of lower boundary
rigid and upper boundary free are
Wi ¼ 2ziþ3  3ziþ1  5ziþ2;
Hi ¼ zi  ziþ1 ¼ Ui;
fi ¼ 3ziþ1  2ziþ2: ð39Þ
while the trial functions chosen in the case of lower boundary
free and upper boundary rigid are
Wi ¼ ziþ4 þ ziþ2  2ziþ3;
Hi ¼ zi  ziþ1 ¼ Ui;
fi ¼ ziþ1  ziþ2: ð40Þ
In which polynomial of ith order is considered. From a rigor-
ous numerical experiment it has been found that order of poly-
nomial, n= 8 is sufficient to reach required accuracy, which is
shown in Table 1.
3.1.2. Exact solution
In this part we are solving the system of equations (27)–(30)
analytically for free-free surfaces. We take the solution of
Eqs. (27)–(30) satisfying the boundary condition for F/F case.
Table 1 Comparison of Rcea and ac for different values of RT for R/R boundaries when Da
1 ¼ 0;K ¼ 1:0 RS ¼ 0;Le ¼ 1; k ¼ 1 and
v ¼ 0 and n ¼ 8.
RT Roberts [10] Shivkumara et al. [19] Present study
Rcea ac R
c
ea ac R
c
ea ac
1000 3370.077 3.2945 3370.08 3.29446 3370.07769 3.2945
500 2749.868 3.2598 2749.87 3.25983 2749.8684 3.2598
0 2128.696 3.2260 2128.696 3.22596 2128.69549 3.2260
500 1506.573 3.1929 1506.57 3.19287 1506.57321 3.1929
1000 883.517 3.1606 883.517 3.1606 883.51679 3.1606
1707:762 0 3.1162 0 3.11621 0 3.1162
3158 A.K. SrivastavaWe assume the solutions of (27)–(30) satisfying the bound-
ary conditions (32) and take the form of
W ¼ C1 sinpz; H ¼ C2 sinpz; U ¼ C3 sinpz;
f ¼ C4 cospz: ð41Þ
Substituting (41) into Eqs. (27)–(30), we obtain a matrix
equation
r
Pr
þDa1 þ Kd2 	d2  RT þReað Þa2 RSa2
k rþ d2 0
1 v rþ d2
Le
þ v
0 p 0
2
6666664
3
7777775
C1
C2
C3
C4
2
6666664
3
7777775
¼
0
0
0
0
2
6666664
3
7777775
;
ð42Þ
where d2 ¼ a2 þ p2. For non-trivial solution of A1;A2;A3 and
A4, we need to make the determinant of the above matrix as
zero. Following the same procedure adopted by Srivastava
et al. [34], we obtain
RT ¼ 1
a2kd2 rþ d2
Le
þ v
  r
Pr
þDa1 þ Kd2
 
rþ d2 	h
 rþ d
2
Le
þ v
 
d4 þRSa2d2 kvþ rþ d2
 	
Reaa4k rþ d
2
Le
þ v
 
: ð43Þ3.1.3. Stationary state
For the direct bifurcation (i.e., steady onset), we have r ¼ 0 at
the margin of stability. Then, the Rayleigh number at which
marginally stable steady mode exists, becomes
RstT ¼
Da1 þ Kd2 	d4
a2k
þRSLe
kvþ d2 	
k d2 þ Lev 	Rea
a2
d2
: ð44Þ
In the absence of electric field ðRea ¼ 0Þ and double diffusive
convection ðRS ¼ 0Þ Eq. (44) reduces toRstT ¼
Da1 þ Kd2 	d4
a2k
: ð45Þ
This is well known result for Brinkman porous media.
When Da!1;RS ¼ 0; k ¼ 1 and K ¼ 1 then Eq. (45)
reduces to
RstT ¼
d6
a2
Rea a
2
d2
; ð46Þ
which gives the result of Roberts [10].
3.1.4. Oscillatory state
The growth rate r is in general a complex quantity such that
r ¼ rr þ iri. The system with rr < 0 is always stable, while
for rr > 0 it will become unstable. For neutral stability state
rr ¼ 0 . We put r ¼ iri (r is real) in Eq. (20) and obtain
RT ¼
r
Pr
þDa1 þ Kd2 	 rþ d2 	d2
a2k
þRSLe kvþ d
2 þ r 	
k d2 þ vLeþ rLe 	 Rea
a2
d2
: ð47Þ
It is clear from Eq. (42) that oscillatory convection does not
depend on electric effect parameter. The complete explanation
about this is well documented in Shivkumara et al. [19].
4. Local non-linear theory
In this section, we consider the non-linear analysis using a
truncated representation of Fourier series considering two
terms. Although the linear stability analysis is sufficient for
obtaining the stability condition of the motionless solution
and the corresponding eigenfunctions describing qualitatively
the convective flow, it cannot provide information about the
values of the convection amplitudes, nor regarding the rate
of heat and mass transfer. In order to obtain this additional
information, we perform the non-linear analysis, which is use-
ful to understand the physical mechanism with minimum
amount of mathematical analysis and is a step forward toward
understanding full non-linear problem. Eqs. (20)–(23) can be
greatly simplified for highly symmetrical configurations. We
consider only two-dimensional convection i.e. q  j ¼ 0 and
also assumed that all physical quantities are independent of
y in a Cartesian coordinate system. Then the solenoidal fields
qmay be represented in terms of a stream function wðx; zÞ such
that
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Pr
@
@t
þDa1  Kr21
 
r21wþRT
@T
@x
RS @S
@x
þRea @
@x
T @V
@z
 
Rea
@ T; @V
@z
 	
@ x; zð Þ
 
¼ 0; ð48Þ
@T
@t
r21T k
@ðw;TÞ
@ðx; zÞ þ k
@w
@x
¼ 0; ð49Þ
@S
@t
 1
Le
r21S
@ðw;SÞ
@ðx; zÞ þ
@w
@x
 vðT SÞ ¼ 0; ð50Þ
r21V
@T
@z
¼ 0: ð51Þ
A minimal double Fourier series which describes the finite
amplitude steady-state convection is given by
w ¼ A1ðtÞ sinðaxÞ sin pzð Þ; ð52Þ
T ¼ B1ðtÞ cos axð Þ sin pzð Þ þ B2ðtÞ sin 2pzð Þ; ð53Þ
S ¼ C1ðtÞ cos axð Þ sin pzð Þ þ C2ðtÞ sin 2pzð Þ; ð54Þ
V ¼ 1
p
E1ðtÞ cos axð Þ cosðpzÞ; ð55Þ
where the amplitudes A1ðtÞ;B1ðtÞ, B2ðtÞ;C1ðtÞ;C2ðtÞ and E1ðtÞ
are to be determined from the dynamics of the system. Substi-
tuting Eqs. (52)–(55) into Eqs. (48)–(51) and equating the coef-
ficients of like terms, we obtain the following non-linear
autonomous system of differential equations:
4.1. Model I
dA1
dt
¼ Pr Da1 þ Kd2 	A1  aPr
d2
RT þRea½ B1 þ aPrRS
d2
C1
 aPrRea
d2
1þ pB2½ E1; ð56Þ
dB1
dt
¼ d2B1  kpaA1B2  kaA1; ð57Þ
dB2
dt
¼ 4p2B2 þ kpa
2
A1B1; ð58Þ
dC1
dt
¼ aA1  d
2
Le
þ v
 
C1  paA1C2 þ vB1; ð59Þ
dC2
dt
¼  4p
2
Le
þ v
 
C2 þ ap
2
A1C1 þ vB2; ð60Þ
0 ¼ B1 þ d
2
p2
E1: ð61Þ
We solve Eq. (61) for E1 in terms of B1, and use it for modify-
ing Eq. (56). We get the following modified equations:
dA1
dt
¼ Pr Da1 þ Kd2 	A1
 aPr
d2
RT þ 1 p
2
d2
 
Rea
 
B1 þ aPrRS
d2
C1
þ ap
3Pr
d4
ReaB1B2: ð62Þ
The physics is the same as described by [34]. From qualitative
predictions we look into the possibility of an analytical
solution. In the case of steady motion, Eq. (62) and
Eqs. (57)–(60) can be solved in closed form. But here we aregetting cubic equation in
A2
1
8
and after numerous work we are
not getting positive root. So we solve the steady case for easier
mathematical model (Model II) showing the same parameter
characteristics (as described in Fig. 11).
4.2. Model II
dA1
dt
¼ Pr Da1 þ Kd2 	A1  aPr
d2
RT þ 1 p
2
d2
 
Rea
 
B1
þ aPrRS
d2
C1; ð63Þ
dB1
dt
¼ d2B1  kpaA1B2  kaA1; ð64Þ
dB2
dt
¼ 4p2B2 þ kpa
2
A1B1; ð65Þ
dC1
dt
¼ aA1  d
2
Le
þ v
 
C1  paA1C2 þ vB1; ð66Þ
dC2
dt
¼  4p
2
Le
þ v
 
C2 þ ap
2
A1C1 þ vB2; ð67Þ
Setting the left hand side equal to zero we get
Da1þKd2 	d2A1þa RTþ 1p2
d2
 
Rea
 
B1aRSC1¼ 0; ð68Þ
d2B1þkaA1þkpaA1B2¼ 0; ð69Þ
4p2B2kpa
2
A1B1¼ 0; ð70Þ
aA1þ d
2
Le
þv
 
C1þpaA1C2vB1¼ 0; ð71Þ
4p2
Le
þv
 
C2ap
2
A1C1vB2¼ 0: ð72Þ
We solve B1;B2;C1 and C2 in terms of A1, and for this we
use Eqs. (69)–(72), and substituting these in Eq. (68) with
A2
1
8
¼M we get
a0M
2 þ b0Mþ c0 ¼ 0; ð73Þ
where
a0 ¼ T22T6T9,
b0 ¼ T9ðd2T6 þ T2T5Þ  T1T6 RT þ T3ð Þ þ T4 T2  T7ð Þ,
c0 ¼ d2T5T9  T1T5 RT þ T3ð Þ þ T4 T8 þ d2
 	
.
The symbols ðT1  T9Þ are defined in Appendix A. We
solve the above quadratic equation for real root, M, use for
calculating heat and mass transfer.
4.3. Heat and mass transports
It is the fact that as Rayleigh number is increased, and study of
heat and mass transport is a more pronounced way to predict
the onset of convection. So it is important to express the
amount of heat and mass transports in the study of convection
in fluids. Only conduction is responsible for heat and mass
3160 A.K. Srivastavatransport in basic state. Following the same processor as in
[34], the Nusselt number and the Sherwood number are defined
by
Nu ¼ H
jTzDT=d
¼ ð1 2pB2Þ; ð74Þ
Sh ¼ J
jSDS=d
¼ 1 2pC2ð Þ; ð75Þ
where B2 and C2 are found in terms of A1. Substituting B2 and
C2 in expressions (70) and (71), we obtain
Nu ¼ 1þ k
2a2M
p½d2 þ k2a2M ; ð76Þ
Sh ¼ 1 4pa
2Le2M
½ðd2 þ vLeÞð4p2 þ vLeÞ þ 4p2a2Le2M
 k
2a2vMLe
ð4p2 þ vLeÞðd2 þ k2a2MÞ 
kv
ðd2 þ k2a2MÞ  1
 
 k
2a2vMLe
pð4p2 þ vLeÞðd2 þ k2a2MÞ : ð77Þ
The second term on the right-hand side of Eqs. (72) and (73)
represents the convective contribution to heat and mass trans-
port, respectively.
4.4. Finite amplitude motions
When we let the radical in the above expression (73) to vanish,
we obtain the expression for finite amplitude Rayleigh number
(R fT) which characterizes the onset of finite amplitude steady
motions. The finite amplitude Rayleigh number can be
obtained in the form
R fT ¼
1
2Z1
Z2 þ Z22  4Z1Z3
 	1
2
n o
; ð78Þ
where Z1 ¼ N23; Z2 ¼ 2N23T3  2N2N3 þ 4N1N5; Z3 ¼ N22
2N2N3T3 þN23T23  4N1N4 þ 4N1N5T3, N1 ¼ T2T6T9, N2 ¼
T9ðT5T2 þ a2T6Þ þ T4ðT2  T7Þ, N3 ¼ T1T6;N4 ¼ T9T5a2þ
a2T4 þ T4T8, and N5 ¼ T1T5.(a)
Figure 2 Variation of RcT (a) and a
c (b) as aThe expression for the finite amplitude Rayleigh number
given by Eq. (78) is evaluated for different values of the param-
eters and the results are discussed in Section 5.
5. Results and discussion
In this section, we study the stability phenomena of electro-
thermo convection (ETC) problem in electrically conducting
binary fluid saturated horizontal sparsely packed porous layer.
A rigorous stability analysis has been performed here to
answer the question of condition for the occurrence of the
maximum stability. Since there are many controlling parame-
ters in the present problem, here we carry out a parametric
study to isolate factors that are responsible for the instabilities
of ETC in dielectric binary fluid in sparsely packed porous lay-
ers. Hereafter, we concentrate on three parameters such as
Rea; v and Da
1. Due to absence of any experimental data,
we have considered data from published papers [19,29]. We
divide the entire study into two parts: (i) Linear stability anal-
ysis and (ii) Local non-linear stability analysis.
5.1. Linear stability analysis:
In this subsection, we elaborate the effects of above-mentioned
parameters on the stability of linearized system. Our attention
is focused on a comparative study among four boundary con-
ditions, namely (i) R/R, (ii) R/F, (iii) F/R and (iv) F/F. We will
also discuss the results for limiting cases such as pure electro
convection, pure double diffusive convection and pure thermal
convection. Our discussions for all the instability boundaries
are based on the ðRS;RcTÞ and ðRS; acÞ planes.
Fig. 2(a) and (b) show the influence of AC electric Rayleigh
number ðReaÞ on the stability of the system for different
boundary conditions, when other parameters are fixed. From
Fig. 2(a), it is clear that when the value of Rea increased the
value of critical thermal Rayleigh number ðRcTÞ decreases. So
we conclude that larger value of Rea i.e. more electric field
strength, destabilizes the system. This can be explained as
increasing the electric field strength means increasing the desta-
bilizing electrostatic energy to the system. It is also stated as
electric field enhances the transfer of heat in the system and(b)
function of RS for different values of Rea.
(a) (b)
Figure 3 Variation of RcT (a) and a
c (b) as a function of RS for different values of v.
(a)
(b)
Figure 4 Variation of RcT (a) and a
c (b) as a function of RS for different values of Da
1.
Figure 5 Variation of Rcea (a) and a
c (b) as a function of RS for different values of v.
Stability analysis of electro-thermo convection of binary fluid 3161speeds up the onset of convection. In turn the pattern is same
for different boundary conditions. The magnitude of critical
thermal Rayleigh number ðRcTÞ differs in quantitatively but
agrees qualitatively. The stability criteria are given as follows:F=R > R=R > R=F > F=Fthat is most stable for F/R and least stable for F/F. This is
validated using the physics that is for rigid boundary, there
(a) (b)
Figure 6 Variation of RcT (a) and a
c (b) as a function of RS for pure double diffusive natural convection ðv ¼ 0Þ.
(a) (b)
Figure 7 Variation of RcT (a) and a
c (b) as a function of RS for pure thermal convection ðRea ¼ 0Þ.
(a) (b)
Figure 8 Variation of Nusselt (a)/Sherwood (b) number with time t for different values of Rea.
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(a) (b)
Figure 9 Variation of Nusselt (a)/Sherwood (b) number with time t for different values of v.
(a) (b)
Figure 10 Variation of Nusselt (a)/Sherwood (b) number with time t for different values of Da1.
Figure 11 Variation of Nusselt number with time t for different
values of Rea for Models I and II.
Stability analysis of electro-thermo convection of binary fluid 3163is suppression of disturbances. Fig. 2(b) shows the variation of
Rea in ðRS; acÞ-plane. The value of critical wave number ðacÞ
increases with the increasing value of Rea as expected. It is also
clear from the figure that for F/F and R/F differences between
two lines (solid ðRea ¼ 500Þ and dot ðRea ¼ 1000Þ are clear
whereas for R/R and F/R lines near to overlap. This states that
width of rolls is more in F/F and R/F in comparison with R/R
and F/R.
Fig. 3(a) and (b) show the effect of Damko¨hler number ðvÞ
on stability of system when other parameters are fixed. From
the figure it is observed that for lower value of solutal Darcy
Rayleigh number ðRSÞ there is no significant effect of v on
the stability of the system but with larger value of RS; v plays
a significant role. The value of RcT decreases with increasing the
value of v, and reflects that v destabilizes the system. This can
be explained by giving a glance on the solute equation, in
which additional reaction term is added. Since increasing the
value of v basically increases chemical reaction rate, which in
turn, changes the solute concentration of a displaced fluid par-
Figure 12 Unsteady streamlines, isotherms and isohalines for different small times ð0:001; 0:03; 0:06 and 0:1Þ.
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Fig. 12 (continued)
Figure 13 Variation of Nusselt (a)/Sherwood (b) number with RT for different values of Rea for steady case.
Stability analysis of electro-thermo convection of binary fluid 3165ticle to equilibrate quickly with that of the surrounding fluid
and hence hastens the onset of convection. The result is qual-
itatively same for all four boundary conditions but differs
quantitatively. Comparative stability criteria are same as
described for above parameter. Fig. 3(b) shows the variation
of v in ðRS; acÞ-plane. It is observed that increasing value of
v does not have any effect on the value of ac and result is same
for all four boundary conditions.Fig. 4(a) and (b) depict the effect of inverse Darcy number
ðDa1Þ on the stability of the system for all boundary condi-
tions. From Fig. 4(a), it is clear that the value of RcT increases
on increasing the value of Da1. This states that the system is
more stable for large value of Da1. This can be explained by
recalling the definition of Da, as the inverse of Darcy number
increases, and the permeability of the system decreases causing
Figure 14 Variation of Sherwood (a) number with RT for
different values of v for steady case.
Table 2 Value of Nu with RT for different values of v, when
Da1 ¼ 40;Rea ¼ 500;K ¼ 2; k ¼ 0:7, Le ¼ 0:5;RS ¼ 20.
RT v ¼ 2:0 v ¼ 10:0 v ¼ 100:0
Nu
4100 1.00487 1.00442 1.00304
4200 1.05021 1.02736 1.02604
4300 1.09353 1.09315 1.09197
4400 1.13497 1.13463 1.13353
4500 1.17465 1.17433 1.1732
4600 1.21267 1.21239 1.21144
3166 A.K. Srivastavaretardation of the fluid flow, thus delaying the onset of convec-
tion. Stability criteria for different boundary conditions is
same as described for Fig. 2(a). Fig. 4(b) shows the variation
of Da1 in ðRS; acÞ-plane. It shows the same behavior as
describe for Fig. 2(b).
From the above-mentioned figures, we can also predict the
behavior of solutal Darcy Rayleigh number ðRSÞ on the stabil-
ity of the system. This is illustrated by all the above-mentionedFigure 15 Variation of Nusselt (a)/Sherwood (b) numbefigures, as RS increases the value of critical Rayleigh number
also increases thus stabilizes the system. This is the result of
enhancement of solutal buoyancy force in the system. For dif-
ferent boundary conditions results are same as for above
figures.
5.1.1. Limiting cases
In this part we are going to discuss about the stability phenom-
ena for different limiting cases such as pure electro convection
(i.e. when thermal Rayleigh number ðRTÞ is zero), pure double
diffusive convection (i.e. when Damko¨hler number ðvÞ is zero)
and pure thermal convection (i.e. when AC electric Rayleigh
number ðReaÞ is zero). Our main aim was to see whether results
are same for these limiting cases or there is any qualitatively
difference in results.
Fig. 5(a) and (b) show the effect of Damko¨hler number ðvÞ
on stability of system in ðRS;RceaÞ and ðRS; acÞ planes. From
Fig. 5(a) and (b), we are getting same stability phenomena
for electro convection as in electro-thermo convection for dif-
ferent values of v and different boundary conditions. Same
kind of stability phenomena is shown by pure double diffusive
convection and pure thermal convection in Fig. 6(a), (b) and
Fig. 7(a), (b) respectively.
5.2. Local non-linear stability
In this part, we are presenting stability phenomena of non-
linear system with the help of heat and mass transfer for
unsteady and steady cases for F/F boundary condition. We
will also show the onset of convection with the help of stream-
lines, isotherms and isohalines in both cases.
5.2.1. Unsteady case
We solve Eqs. (63)–(67) numerically and calculated the
amount of heat and mass transfer across the porous layer in
the form of Nusselt number, Nu and Sherwood number, Sh
respectively. Nu and Sh are computed when Pr;Da1;
k; v;K;RS;Le and Rea are fixed at 2:5; 40:0; 0:7; 2:0; 2:0;
20:0; 0:5, and 5000 respectively, except the varying parameter.
These are depicted in ðt;NuÞ and ðt; ShÞ-planes through the
Figs. 8–10(a) and (b). From these figures it is seen thatr with RT for different values of Da
1 for steady case.
Figure 16 Comparison of thermal streamlines ða a2Þ, magnetic streamlines ðb b2Þ, isotherms ðc c2Þ and isohalines ðd d2Þ at
critical value (a)-(sd), RcT and a
c and beyond critical value ða1; a2; b1; b2; c1; c2; d1; d2Þ.
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Fig. 16 (continued)
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Figure 17 Comparison of stability of fluid flow in stationary and finite amplitude convection through neutral stability curve for varying
(a) Rea, (b) v and (c) Da
1.
Stability analysis of electro-thermo convection of binary fluid 3169although Nusselt and Sherwood numbers oscillate with time
initially, they reach a steady state as time progresses.
From Fig. 8(a) and (b), we observed the effect of Rea on Nu
and Sh in ðt;NuÞ and ðt; ShÞ-planes, respectively. Fig. 8(a),
with increasing value of Rea, magnitude of Nu also increases
i.e. there is more heat transfer with increasing value of Nu.
Thus Rea enhances the onset of convection. From Fig. 8(b),
we are getting the same phenomena for mass transfer but with
more pronounced effect. From Fig. 9(a) and (b), we explain
the heat and mass transfer rates for different values of v.Stability phenomena are the same as in linear case for v i.e.
increasing value of v destabilizes the system. We also noticed
that mass transfer is dominating over heat transfer which is
obvious in change of v i.e. change in chemical reaction. From
Fig. 10(a) and (b), we show the effect of inverse Darcy number
on the heat and mass transfer rates. We can see that the value
of Nu and Sh decrease with increasing value Da1, thus delay-
ing the onset of unsteady convection.
In order to understand the variation of pattern of
streamline as well as isotherms and isohalines for unsteady
3170 A.K. Srivastavacase for different small times ð0:001; 0:03; 0:06 and 0:1Þ ,
Fig. 12(a)-(c3) are drawn. In this case, all governing parameters
are fixed. Fig. 12(a)-(a3) show the streamlines patterns for dif-
ferent time. It is visualized from figure that for relatively small
time, streamlines are not in contour form and as time increases
the contour is formed. Streamlines are also spread with
increasing time, and show enhancement of convection with
time. Fig. 12(b)-(b3), shows the isotherms with different times.
It is found that for t ¼ 0:001, there are straight lines that repre-
sent the conduction state while with larger times we are getting
convection state in a form of contours. Fig. 12(c)-(c3), repre-
sents the isohalines for different times. These figures show
the similar behavior as isotherms.
5.2.2. Steady case
For steady case, we are solving Eqs. (73)–(77) analytically and
show the effect of one of the controlling parameters when
other parameters are fixed.
From Fig. 13(a) and (b), we observe that for relatively small
value of RT, we are getting the effect of Rea on heat and mass
transfer but for higher value, the effect is negligible, which is
obvious as a physics point of view. It is also found that the
value of Nu and Sh that is amount of heat and mass transfer
increases with increasing value of Rea, thus enhances the onset
of steady convection. From the Fig. 14, it is noticeable that
with increasing value of RT the effect of v showed double char-
acter on mass transfer. It is happened because as chemical
reaction increases mass transfer decreases. Due to small impact
of Damko¨hler number ðvÞ on the heat transfer, its effect is
shown in Table 2. From Fig. 15(a) and (b), we examine the
impact of inverse of Darcy number on the heat and mass trans-
fer in steady state. We have found that the value of Nu and Sh
decreases on increasing the value of Da1, thus delaying the
onset of convection.
From Fig. 16(a)-(d2), we pictured the different convection
states for steady case. As can be seen from Fig. 16(a)-(a2)
the effect of increasing Rayleigh number on streamlines is to
increase the magnitude of streamlines, thus narrow down the
contours. At the same time, the corresponding disturbance
isotherms (see Fig. 16(b)-(b2)) show the enhancement of
convection strength on increasing RT, which is expected. In
Fig. 16(c)-(c2), we plotted isotherms at R
c
T, at RT > R
c
T and
RT  RcT respectively. It is observed from figures that at criti-
cal Rayleigh number isotherms are flat near the wall whereas
for above critical Rayleigh number show homogeneous con-
tours away from the wall. Fig. 16(d) and (d2) shows the isoha-
lines at RcT and at RT > R
c
T. Here isohalines are presenting the
same phenomena as isotherms. The symmetrical characteristic
will die out at RT beyond the critical value.
5.2.3. Finite amplitude convection
In this part, we show the comparative study between station-
ary and finite amplitude convection with the help of neutral
stability curve in Fig. 17 (a)-(c). From Fig. 17(a), we say that
system is more stable in stationary than finite amplitude case
due to reason that the value of critical Rayleigh number is
more for stationary case. The neutral stability curve is plotted
for different values of Rea, and observe that as value of Rea
increases, the value of critical Rayleigh number decreases for
both cases that means enhance the onset of convection same
as above. We are getting similar comparative results fromFig. 17(b) and (c). From Fig. 17(a), we can see that increasing
the value of v, decreases the value of critical Rayleigh number
thus enhances the onset of convection for both the cases. While
from Fig. 17(c), as the value of inverse Darcy number increases
the value of critical Rayleigh number also increases so that
there is delay in the onset of convection.
6. Conclusion
We made an attempt to gain an understanding of instability of
ETC with chemical reaction in a horizontal porous layer, satu-
rated with binary fluid. To this end, we adopted modified
Darcy-Brinkman model. By means of linear theory, we were
able to give a comparative study for stability phenomena
among different bounding surfaces for different values of AC
electrical Rayleigh number (Rea), Damko¨hler number (v) and
inverse Darcy number (Da1). Galerkin technique is applied
to solve eigenvalue problem for R/R, R/F and F/R boundaries
whereas exact solutions are obtained for F/F boundaries. We
compared the results only in stationary case. Stability of the
system decreases on increasing the value of Rea for all the four
boundary conditions. Stability criteria came out as
F=R > R=R > R=F > F=F;
i.e., the system is most stable for F/R boundary surfaces
whereas least for F/F. However, for Rea ¼ 0, the case of pure
thermal convection, v ¼ 0, pure double diffusive convection
and RT ¼ 0 that is pure electro convection, we are getting same
stability criteria as above. In order to investigate the effect of
chemical reaction, it is found that system destabilizes on
increasing value of v for all the four boundary conditions. It
is observed that large value of Da1 stabilizes the system. In
the consequence, it is also found that increasing value of solu-
tal Rayleigh number stabilizes the system. Weakly non-linear
stability and comparative stability analysis between stationary
and finite amplitude convection for F/F boundary surfaces is
also analyzed. Heat and mass transfer phenomena are
observed by non-linear stability analysis using the truncated
representation of Fourier series method. Runge-Kutta method
with suitable initial conditions is used for the study of the
unsteady case. Nu and Sh are oscillated with time initially
and reached to the steady state with increasing time. We con-
clude that Nu and Sh increase with increasing the value of Rea
and v, thus enhance the onset of unsteady convection, whereas
decreases with increasing value of Da1, thus delay the convec-
tion. We show the streamlines, isotherms and isohalines for
different times ð0:001; 0:03; 0:06; 0:1Þ and fixed value of other
parameters (Pr ¼ 2:5;Da1 ¼ 40; k ¼ 0:7; v ¼ 2:0, K ¼ 2:0;
RS ¼ 20:0;Le ¼ 0:5;Rea=7000, RcT ¼ 940:3974 and
ac ¼ 3:424). It is observed that for comparatively small time
say t ¼ 0:001, we are getting straight lines for isotherms and
isohalines, that show conduction state; howsoever, as time
increases, convection state in the form of contour is observed.
It is also observed that streamlines spread with time. In the
steady state, heat and mass transfer increased on increasing
value of Rea, thus enhances the onset of convection while
decreased on increasing value of Da1 and delaying the onset
of convection. Finally, streamlines, electrical streamlines, iso-
therms and isohalines are drawn at critical Rayleigh number
(RcT ¼ 4089:5290 when Da1 ¼ 40; k ¼ 0:7; v ¼ 2:0, K ¼ 2:0;
RS ¼ 20:0;Rea=7000 and Le ¼ 0:5) and RaT > RacT. As
Stability analysis of electro-thermo convection of binary fluid 3171Rayleigh number increased from critical value the magnitude
of streamlines increased and the narrowed down the contours.
At critical Rayleigh number, isotherms and isohalines are flat
near the wall and at higher Rayleigh number homogeneous
contours are observed away from the wall.
Appendix A.
T1 ¼ ka2d2 , T2 ¼ a2k
2, T3 ¼ 1 p2d2
 
Rea, T4 ¼ a2RSd2 , T5 ¼ vþ d
2
Le
,
T6 ¼ 4p2a24p2
Leþvð Þ, T7 ¼
a2k2v
4p2
Leþvð Þ, T8 ¼ kv, T9 ¼ Da
1 þ Kd2 	.References
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